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Introduction
In the classical economic order quantity (EOQ) models, the items received are implicitly assumed to be with perfect quality. This approach is idealistic, but in the practical situation it is unreliable to assume 100% of ordered items are perfect. Hence, many researchers come up with a number of more practical and realistic EOQ models, which assume items are imperfect. Porteus (1986) surveyed the influence of defective items on the basic EOQ model. Rosenblatt and Lee (1986) assumed that the time between the in-control and the out-of-control state of a process follows an exponential distribution and that the defective items are reworked instantaneously and suggested producing in smaller lots when the process is not perfect. Lee and Rosenblatt (1987) studied a joint lot sizing and inspection policy for an EOQ model with a fixed percentage of defective products. Yoo, Kim, and Park (2009) developed an economic production quantity model for imperfect quality items and two way imperfect inspections. Papachristos and Konstantaras (2006) investigated the disposal time of the imperfect items. They
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Control of inventory, which typically represents 45-90% of all expenses for business, is needed to ensure that the business has the right goods on hand to avoid stockouts, to prevent shrinkage (spoilage/theft) and to provide proper accounting. One of the most important problems in inventory control is how to assign the order quantity. Economic order quantity (EOQ) models provide the best way to minimize the costs. In this paper, an EOQ model is developed for imperfect quality items with considering some constraints that may happen in real situations. discussed the issue of non-shortages in inventory models where the proportion of defective items was a random variable. Chang and Ho (2010) revisited the work of Wee, Yu, and Chen (2007) by using renewal reward theorem to derive the expected profit per unit time for their model.
In addition, traditional inventory models supposed that there is no fault in the screening process that identifies the defective items and inspectors are error-free. So, defective items could be screened without any inspection. To deal with this unreliable assumption, many researches focused on screening process of imperfect quality items. Raouf, Jain, and Sathe (1983) studied human error in inspection planning for the first time. Salameh and Jaber (2000) developed an EOQ model for imperfect quality items and considered that poor quality items are sold as a single batch by the end of the 100% screening process. Goyal and Cárdenas-Barrón (2002) suggested a simpler approach to the Salameh and Jaber's model (2000) . They suggested repeating the cycle of inspection to ensure the product quality, and determined an optimal number of inspection cycles based on the cost of inspection and misclassifications. Duffuaa and Khan (2005) suggested an inspection plan for these critical components where an inspector can commit a number of misclassifications. Maddah, Salameh, and Moussawi-Haidar (2010) extended Salameh and Jaber's (2000) model by assuming that the inspection process is not error-free. They assumed that inspection process could fail to be perfect by two types of errors (Type I and Type II). Khan, Jaber, Guiffrida, and Zolfaghari (2011) presented a review of the extensions of a modified EOQ model for imperfect quality items. also extended the work of Salameh and Jaber (2000) by assuming that the screening process is not error-free. They developed an EOQ model for items with imperfect quality and inspection errors, but without any shortages. Hsu and Hsu (2013) developed an EOQ model for imperfect quality items with screening errors and fully backorder shortage and sales return.
On the other hand, many researchers considered full backorder shortages in the EOQ models but in the competitive commercial situations, customers are not willing to wait for the next delivery when a shortage occurs. So, it is profitable for the company to allow partial backorders. Rezaei (2005) developed an EOQ model with backorder for imperfect quality items. Yu, Wee, and Chen (2005) discussed an optimal ordering policy for a deteriorating item with imperfect quality and partial backordering in the production process. Wee, Yu, and Wang (2006) developed an inventory model for deteriorating items with imperfect quality and shortage backordering considerations. Wee et al. (2007) extended Salameh and Jaber's model (2000) by considering permissible shortage backordering and the effect of varying backordered cost values. Eroglu and Ozdemir (2007) also extended Salameh and Jaber's model (2000) by considering fully backorder shortage. Roy, Sana, and Chaudhuri (2011) developed the model of Salameh and Jaber (2000) for the case where a buyer's cycle starts with shortages that may have occurred due to lead-time or labour problems. Shabani, Mirzazadeh, and Sharifi (2014) developed an inventory model with fuzzy deterioration and fully backlogged shortage under inflation. To the author's knowledge, there is no EOQ model for imperfect quality items with inspection errors that considered partial backorder. Thus, in this paper, we developed an EOQ model for items with imperfect quality and partial backordering under screening errors. The analysis shows that our model is a generalization of the models in current literatures.
The rest of the paper is organized as follows. In Section 2, the notation and model description are introduced. In Section 3, a mathematical model is developed. In Section 4, a special case is exhibited. Section 5 provides numerical example and sensitivity analysis to illustrate important aspects of the model. In Section 6, a case study is done and finally, a general conclusion and future directions of the present study are provided in Section 7.
Notation and model description
Consider a lot size y is being replenished instantaneously. It is assumed that each lot contains a fixed proportion p of defective items. So, the lot size y contains defective items of py and non-defective items of (1 − p)y. In addition, each lot is screened by an inspector with a screening rate x. The screening process of an entire lot is not perfect and it generates misclassification errors, that is a proportion α of non-defective items are classified to be defective and a proportion β of defective items are classified to be non-defective. Also, it is assumed that items with poor quality are kept in stock and sold before receiving the next shipment as a single batch at a discounted price.
The following nomenclature is used throughout the paper: Figure 1 shows the behaviour of the inventory model. When the order quantity received, inventory level increases. The maximum level of inventory is y. Due to response to the prior backorder, the screening process and consumption of inventory begin simultaneously. As mentioned earlier, lot size y contains defective items of py along with non-defective items of (1 − p)y. In inspection process, there are four possibilities. Those are: Case (1) a non-defective item is classified as non-defective. Case (2) a non-defective item is classified as defective. Case (3) a defective item is classified as non-defective and Case (4) a defective item is classified as defective. So, the number of items going into different categories following these cases is given by:
Mathematical model
With considering inspection errors, the number of items that are non-defective and the inspectors have chosen them as non-defective are (1 − p)(1 − α)y, and the number of items that are defective and the inspectors have chosen them as non-defective are ypβ. Totally, the whole items that are chosen as non-defective by inspectors are ((1 − p)(1 − α) + pβ)y. These items are required to satisfy backorders with the rate of (1
Then, the screening and consumption processes continue until time t 3 and the process ends after. All the defective items (B 1 ) are subtracted from inventory and the remaining items (Z 1 ) meet the demand with the rate of D. When the inventory level reaches zero, during the period t 1 , the shortages consist of a combination of backorder and lost sales occur, since μ is the percentage of demand backordered during this time.
In a cycle, considering the demand is met from perfect items, the cycle length can be calculated as:
(1) According to Equation 4, the value of z 2 is obtained as follows:
And using Equation 6 to calculate the value of z 1 :
We define TR(y, B) and TC(y, B) as the total revenue and the total cost per cycle, respectively. TR(y, B) is the sum of total sales volume of good quality and the imperfect quality items. One has:
TC(y, B) is the sum of ordering cost, purchasing cost, screening cost, backordering cost, lost sale cost and holding cost, one has:
By using Equations 3-9, TC(y, B) can be calculated as:
The total profit per cycle can now be written as the difference between the total revenue and total cost per cycle, that is:
Since p, α, β and μ are random variables with probability density functions f (p), f (α), f (β) and f(μ). The expected total profit can be formulated as:
From Equation 1, the expected cycle length is:
Using the renewal reward theorem (Chang & Ho, 2010) , the expected annual profit is:
E[TPU(y, B)] = E[TP(y, B)] E[T]
= Dx E[A]x + D × � s (1 − E[p]) (1 − E[ ]) + v(1 − E[p])E[ ]+vE[p]−c − k y −d − c a E[p]E[ ]−c r (1 − E[p]) E[ ] � − c B E[ ] (E[A]x + E[ ]D) B 2 2E[A] (E[A]x + D) y − c L (1 − E[ ]) 2 B 2 x y (E[A]x + D) − h 2 �� 2D (E[A]x + D) − BD E[A]xy � E[ ]B E[A] + D �� 2 − D x � y − B � 2 + D � 2−E[ ] E[A]x ��� (E[A]x + D) − E[ ]B � 2 − D x � D E[A] (E[A]x + D) + E[ ]B 2 D ⎛ ⎜ ⎜ ⎜ ⎝ 2 + D � 2−E[ ] E[A]x � E[A] (E[A]x + D) y ⎞ ⎟ ⎟ ⎟ ⎠ + � E[A]y − B � 1 + d(1 − E[ ]) E[A]x �� × � 1 − Bx y(E[A]x + D) − D E[A]x + D
��
Our objective is to maximize the expected net profit. By taking the first derivative of E [TPU(y, B) ] with respect to y and B, we have:
Taking the second derivative, we have:
2 TPU(y, B) is strictly concave. Thus, the optimal order size that represents the maximum annual profit is determined by setting the first derivative equal to zero.
After some basic manipulations, we have:
Thus, we have: 
Special case
To simplify the complicated formulas and to indicate the authenticity of the proposed model, a special case is considered in this study. Salameh and Jaber (2000) developed an EOQ model for imperfect quality items that has known as a traditional EOQ model in the literature review. In this section, our aim is release all the constraints in our model and eventually reach to the traditional EOQ formulas that have been proved before.
In the model, when p = α = β = 0 and c B = c L = ∞, we have:
, which substituting this values in Equation 25 lead to reach to the traditional EOQ formula.
Numerical examples and sensitivity analysis
Consider an inventory model with these parameters: 
In addition, we suppose the defective percentage, inspection errors and the fraction of backordered demand follow a uniform distribution with probability density functions as:
Then we have:
Now if p 1 = α 1 = β 1 = 0.04 and μ 1 = 1, then we have E(p) = E(α) = E(β) = 0.02 and E(μ) = 0.5. By using the above parameters, the optimum values of solution are calculated as: y* = 1,740.913 units, B* = 455.156 units and ETPU(y*, B*) = 1,094,770. In addition, the three-dimensional graph (Figure 2 ) represents that the expected annual profit is concave and there exist unique solutions of y and B that maximize the expected annual profit. For authenticity of the developed model, the sensitivity analysis of the parameters is needed.
When defective rate increases, the number of items that are chosen as non-defective decrease. So, for compensate this deficiency, the number of order size increases. With considering the increment in order size, the number of backorder units decreases and as a result, the expected annual profit decreases. Table 1 shows the optimal solutions for different defective probabilities. The changes in variables show that the behavior of our model is correct. From Table 2 , one can see that the probability of Type I error has a similar effect as the defective probability does on the optimal solution, but in Table 3 , the probability of a Type II error has a reverse impact as both the defective probability and the probability of Type I error do on the optimal solution. When Type II error increases, the items that are defective but they are chosen as non-defective increase, so the order size must decrease and the maximum number of backordering units increases. Furthermore, the expected annual profit decreases as the probability of Type II error increases.
When the fraction of backordering units increases, the maximum number of backordering units decreases and the expected annual profit become smaller. Table 4 shows the changes in μ.
As shown in Table 5 , when the holding cost increases, the order size decreases. It is logical, because our aim is to decrease the total cost. So, with considering the increment in holding cost, the order size must decrease. In addition, when the holding cost increases, the maximum number of backordering units increases, because of decrement in order size and as a result, the expected annual cost decreases.
Case study
In this section, the model has employed one of the automotive supplier companies as a real case. This supplier is Sanayeh Dashboard Iran, which is located in Tehran, Iran. The product of this company is Dashboard, which is produced using a frame with ABS/PVC covering and injection of the Isocyanat and Polyol mixture (semi-rigid foam) into it. We want to determine the order policy for Isocyanat 
Conclusion
In the practical situations, it is unreliable to assume 100% of ordered items are perfect and the inspectors are error-free. In industry, these errors are incontrovertible, but it is important to use methods to identify them. In this paper, we developed an EOQ model for imperfect quality items with partial backordering and screening errors. The aim of this paper is to maximize the expected annual profit by optimizing the order size and the maximum number of backordering units. In addition, to verify the reliability of our work, we proved the proposed model is concave, we studied a special case that indicates our model could be easily transformed to Salameh and Jaber's (2000) model that is a popular case in our research literature and we illustrate the utility of our model with a numerical example and sensitivity analysis on the parameters. For future research, the proposed model can be studied in a fuzzy environment. Deteriorating items could be added to the model and other practicable parameters like inflation, delay in payment and sales return could be considered.
